Binomial Theorem

Unless otherwise stated, ¢, denotes the coefficient of the x" term in the expansion of (1 + x)".
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Use the binomial theorem to find the exact value of (10.1)°.

Use the binomial theorem to evaluate  (2++3)' +(2-+3)".

Hence, without using tables, show that (2 +J§)4 lies between 193 and 194.

(a) Find the values of the constants a and b if the expansion of (1 +ax + bx®® in ascending powers of
x asfarastheterm x? is 1-12x+78x%

9
(b) Find the value of the term independent of x in the expansion of (3x2 —i) .

2X

Find the greatest term in the expansion of:

(@) (1+4x)® when x=

Wk

(b) (3+2x)° when x=1.

Prove that the coefficient of x" in the expansion of (1 +x)*" is double the coefficients of x" in the expansion
of (1+x)*™%

Show that the coefficients of x™ and X" in (1+x)™" areequal.

Show that for one value of r the coefficientof x' inthe expansionof (3 +2x—x*)(1 +x)* s zero.

Show that, if n is even, the coefficient of the middle term of (1 + x)"is

1-3.5.-.(n=1) 1 o o . . 1-3.5... nt
L(n)22 : and that, if n is odd, the coefficient of each of the two middle terms is &2
n n+1
1.2.3...(j 1.2.3...()
2 2
Prove that : C1—2C, +3c3—... +n(-1)"* ¢, = 0.
Prove that : CoCr + C1Crat + CoCrap + .. + CuCn = (2m@n-1)..(n—-r+1) .
(n+n)!
at 2(2n -1)!
Prove that : D cc., =(—)2.
= (n+)[(n-1)]
n-1
Prove that : rc,, =1+(n-2)2""*.
r=0

If .C, isthe coefficientof x' in the binomial expansion of (1 +x)", prove that:

@ Cr=paCr—nCra

(0)  (3n+1) [20Cal* = (N + 1) {[2012Cn ] [nCra I}

If(1+X)%=co+CiX + X2 +...+ ConX?", show that Co+ Co+Cq+ .4 Cpp =221

Showthat if (1 +x+X9)™ =co+ cyx + CX° +...+ Cox?°, then
CL+Cy+Cg+ ... +Cg=Co+Cyt ...+ Cop.

If(L+x)"™ = co+ X + CX2 +...+ ComeX?™?, where  m s a positive integer, show that:
Co+Ci+Co+ ..4Cp=2""

If X" =po(x—a)"+pi(x—a)"" + pa(x —a)"? + ... + pp, show that p, = (,C,) a".
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Prove that: \Cp + 1+1Ch +n+2Cn + ... + 1+kCh = n+k+1Cna1 -

(Hint:  Consider (1 +x)"+ @ +x)"™ + ... +(@L+x)™ )

In the expansion of (1 +x)", where n is a positive integer, by the binomial theorem, put x =1 and hence show
that (n—1)! (2" - 2) is divisible by n.

Hence deduce Fermat’s theorem that if n isany prime number, 2"*—1 isdivisibleby n.

If f(r) = coCr + C1Cr1 + CoCrp + ... + C,Co , Where ¢, denotes the coefficient of X' in the expansion of (1 + x)", prove

that: (@ f(n= % ,
() Cof(1) + 26, f(2) + 36, 1(3) + ... + (n + 1), f(n + 1) = %
Prove the following identities:
@  (:Co)’ + (C1)* +(C2)* + ... + (:Cn)* = 2nChy,
(0)  (21Co)* = (2nC1)” +(2nC2)° + .= (2C2n)’ = (-1)" 2nCi,
©)  (n1Co)* = (20+1C1)* +(2n41C2)° + .= an+1Cans1)’ = 0,
(d)  (C1)* +2(:C2)° + ... + N(:Cn)* = ﬁ :
Prove that the sum of n+1 terms of the series: a + n(a + b) + ,Co(a + 2b) + .Cs(@a+ 3b) + ... is 2"*(2a+nb).
(@) Show that: L+ +x@L+x)" M+ L+ X" @) XL X)L+ X

isequalto (1 +x)t—x*1,

(b) By using (a), or otherwise, show that the coefficient of X" term in

L+x)*+x(1+x)*+ .+ xX"@+x)" isequal to  241Cn.
Prove that: ,C;1%+,C, 2%+ ... + ,Con?=n(n + 1) 2"2. (Hint:  .Ck®=k(k=1) .Cx +knCyx. )
In the expansion of (1 +x +x%)", the coefficientof X" termis a. Prove that:
(@) ag+ap+ ... +ay=3"
(b) ag—ap+tap—az+ ... +ay =1,
(©)  anr = an+r,

(d) a0’ —a’+a —as™+ ... +an = an,
_ 1
(€) a’—a’+a —ag+ .. +(-1)"ta’= Ean[l_ (_1)nan]

(f)  apdy —ajas + axas — 8sds + ... + An.82n = Anea.

(@) Write down the formula for the sum of the coefficients in the expansion of (1 + x)™, where m is a positive
integer.

1 1 1 2" ~1

(b) Deduce + + +ot = .
u(2n)! 21@2n-1! 3A(2n-2)! nl(n+1)! (2n+1)!

If nisapositive integer and ,Cy3 =,C7, find the values of ,Cy, and ,;C,.

If a isthecoefficient of x, term inthe expansionof (1 + x)", prove that:

a a a a, 1
2422432+ +n—"="n(n+1).
a, a a, a,, 2
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Find a,, the coefficient of X', in the expansion of: (1 +x)"+ (1 +2x)" + (1 + 4x)", where n is a positive
integer. Find theratio as:an,3 when n=9.

If c isthecoefficient of x, inthe expansionof (1+x)",

n

) . c, ¢ c 2m 1
where n s a positive integer, show that Co+—+—2+... = .
2 3 n+l n+1

22“-1

If  (1+X)*"=Co+CiX+CoX2 + ... + Conx?", show that =Co+Cp+ ... + Con

2

Sum the series: 1+ (2p—1)x + (3p— 2)(p—1)%+ (4p—-3)

W)& +.. ,where p is a positive integer.

If nis a positive integer, prove that the coefficientsof x> and x® inthe expansion of (x*+2x +2)" are 2"'n?

1 .
and 52”’1n(n2—1) respectively.

7
Find the coefficients of the termsin  x°> and 1/x° in the expansion of (1+ X —%) in powers of x.
X

If Q-2x+2x)"=1+ax+bx?+... ,findthevaluesof a and b.

Find the positive integral value of n which makes the ratio of the coefficient x* tothatof x> inthe expansion

of (1+2x+3x9)" ina series of powers of x is equal to  121/28.

If (L+X+X)% =co+ Cix+ X2 + ... + X", prove that Co—Cq +Cp— C3+ Ca— ... + Cgn = 1.

If, in the expansion of (a+x)", s; isthe sum of the odd termsand s, is the sum of the even terms, show that:
s =52 =(a=x)",and 4s:5, = (@ +x)*"— (a—x)>".

By comparing the coefficients of X" on both sides of the identity (1 +x)" = (1 + x)*(1 + X)", prove that:

nCr = n1Cr + 2(n-2Cr.1) +n2Cr2 -

If ¢=,C, where r =0,1,2,3,...,n,andif f(r) =coCr + C1Cr.1 + CoCr2 + ... + C,Co, prove that  f(r) = ,,C..

Show that for one value of r the coefficientof x" in the expansion of (3 + 2x —x3)(1+x)* is zero.

If  (L-x+x)"=ay+ax+ax +.. and (x+ 1) = cox® + e T+ e 2+
3n)!
prove that Qgtata+.. =1 and QpCo + 1€ + @y + ... = 5(2))|
n'(2n)!

Find a positive integer  p such that the coefficients of x and x* in the expansion of (1 + x)**(1 - x) are

equal.

If 1 istheintegral partand F the fractional part of (3\/§+5)2M, prove that F(I + F) = 221,

Given positive integers m, n, let >ax =(l+x+..+x") *)
r=0

(@) Find expressions for the following intermsof m an n only:

mn

M a () e, i) >2'a,

r=0

(b) By differentiating (*), or otherwise, show that mnYa, =2>ra,.
r=0 r=0

,if m iseven m
Hence, show that  2)"(-1)ra, =

{mn ,if m iseven
,if m isodd. r=1

m
c) Show that: y -D'r= 2
(c) ;( )'r m+1 0 ,if m isodd.
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Prove that nCr+1 = n1Cr + 1-1Crat. Hence show that for n>r, C, :Zn—i—lcr—i
i=0
Show that nCr = n1Cr1 + 11Cr. Hence, by induction or otherwise, evaluate Z n+qCq 2%
q=0
. . -D..(x-r+1
Polynomials C,(x) are defined by Co(x)=1 and Cr(x)=X(X ) EX ™~ ),for r>1.
r!
(@) Showthatif n isaninteger,thensois C(n).
(b) Show that any polynomial p(x) with rational coefficients can be expressed in the form
by Ck(X) + b1 Cya(X) + ... + b Co(x), where all the by’s are rational and k is the degree of p(x).
Show that all the b;’s are integers.
(c) Supposethat p(x) isa polynomial with real coefficients such that whenever a is a rational number, then so
is p(@). Show that the coefficients of p(x) are all rational.
" 2n)! 1 1 1Y
Prove that a C”Z:( b) C,—<— c [1+—] <3
@ > () oy ® Gy © -
_ym oy m-1 _ yMm-p+l
For any positive integers m, p suchthat m=>p-1, let G(m,p):(1 XDA=xT)(A=X ).

(1-x)(1-x%)...1-x")

(@) Showthat G(m,p)=G(m, m-p) for m>np.

(b)

(©

Let
Let
(@)
(b)

Suppose p<m-1,

0]
(ii)

Show that G(m p+1)-Gm-1,p+1)=x""P1Gm-1,p).
By putting p+1,p+2,p+3,... for m in (i), or otherwise, show that
G(M,p+1)=G(P,p) +XxG(P+1,p) +X*G(p+2,p) +...+x" P 1Gm-1,0p).

Use inductionon p toshowthat G(m,p) isapolynomialin x forany positive integer m such that

m>p-

ai, a, ...

f(a) =

1.

,a, be n distinct real numbers.

(x—a) Xx-ap) ...(x—a,) and f’(x) the derivative of f(x).

Express f’(a) intermsof ag, ay, ..., an.

Let
0]

(ii)

(iii)

g(x) be a real polynomial of degree less than n.

Show that there exist unique real numbers A, A, ..., Ay such that

000 = DA (-D.(x-a, )(k-a)-a) ()

Using (i) or otherwise, show that if f(x) is of degree lessthan n -1, then Zg(( )
a;

By taking a=i and suitable f(x) in (ii), show that,

'ITI

Z( v 1)'(n |)I

(Giventhat 0!'=1)



